Chapter 13 — Limits and Derivatives
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Question 1:
limx+3

Evaluate the Given limit: +—*

Answer:

limx+3=3+3=6

Question 2:

| o

(s

Evaluate the Given limit: " " )

Answer:

Question 3:

_ ~ limay?
Evaluate the Given limit: !

Answer:

limmr™ = (I ) =n

r—&l

Question 4:

-

4x 43

lim
Evaluate the Given limit: *** ¥—2

Answer:

. dx+3 4{4}+3 16+3 19
lim = Bl e oo o)
Tl -Jlla_: ‘1_: 1

Question 5:

v+ x +1
im ——

Evaluate the Given limit:**'  x—1



Answer:

lim
r—s—| ¥—1 —1-1 9

Question 6:

o (x+1 " 1
hm-{ ]
Evaluate the Given limit: *** X

Answer:

x+1) =1
1in1-{1+---]
el I!'..

Putx+1=ysothaty = 1asx = 0.

(x+1) =1 v -1

Accordingly. lim = [im *
s ] X e i'_i
. 1|2" » E.“'
=lim-
R | ":_E
=§ 1
=3
. (x+5) -1
nm —5
—1 ¥
Question 7:
v B = =10
lim e

=

Evaluate the Given limit: *** x —4

Answer:

¥ +xﬁ+l_{—|]|"+(_—i]ﬁ+| =141

-
s

1]

At x = 2, the value of the given rational function takes the form .



lim—— = lin
G S =2 (x=2)(x+2)
. AxX+3
= lim
=1 oy 2
_3(2)+5
2+2
1
4
Question 8:
b 81

Evaluate the Given limit: *** 2x —5x—3

Answer:
0
At x = 2, the value of the given rational function takes the form .
) v —8] ) {x—fm][:-.‘-{-fw]l{:r: +-9}
Slim———=lim

=3y =S5y =3 13 (Jr - 3}{33: +1)

(I+3]|[.T: -I-'-}]

=lim
x=+3 2x+1
(3+3)(3" +9)
T2(3)+1
_6x18
T
108
Question 9:
ax+h

lim
Evaluate the Given limit: **" cx+1

Answer:

. ar+h u{ﬂ}+b
]HT] = =
=0ex 41 o0)+1

Question 10:



Evaluate the Given limit:

Answer:

|
=3

1__i_|R
ot —]
i)
At z = 1, the value of the given function takes the form {_‘

PutZ" =X sothatz =1 asx — 1.

. - s N G
Accordingly, lim ——=1lim I
| - e | ¥—
=]
=lim
1 x -1
S
=2 1~ lim
L R
=2
!
s lim——=2
=+ 2%
=t =1
Question 11:
. ax +bx+e
llm ——eeee ] + |‘rJ‘ +o 2 D

Evaluate the Given limit: **' ¢x” +bx+a

Answer:

ax’ +bhx+e m‘[i}'1 +h(1)+c
el ox’ +hx 4 c-[|]’ +h(1)+a

_a+b+e
a+h+c
=1 [u+.ﬁ—|—c'¢ﬂl]

Question 12:



1 1
-+

x 2

lim =—=
Evaluate the Given limit: " x+2

Answer:

11
-+

x 2

lim =—=
2 x4 2

{0

At x = -2, the value of the given function takes the form U

Now, lim X —2 = [im
s T Wi T
=1 —l
T=—2 "j_x
B | 3 -1
2(22) 4

Question 13:

SIn ax
lim

Evaluate the Given limit: **" bx

Answer:

sIn ax
lim
il lfn_-

{

At x = 0, the value of the given function takes the form U

. sind sm ax crr
Now, lim = lin
Te=pld I}J‘ X r'i' I.]‘_
h!ll X ]
"“‘ [y

_4a, ft.in ax

hx
[ a

,’J
] [.‘c S30=ax— [I]
b *"L ax

23 [hmfﬂ_ll
b oy

a
b

Question 14:



sin ax

lim— La. b=

Evaluate the Given limit: " " sinbx

Answer:
lim “" a_r1 a, b=0
el gin fy
{]
At x = 0, the value of the given function takes the form © .
[ LY
sinay |
. [ IX(L\'
.osinaxy .. v
Now, 1IITLH_ L~ lim S & :
i ginhy [ sinbx |
| (= by
i, fl'l.'
. [ sinax’
# lim | r -
o ] e \ X J X i l:" = (X — ”'
-— — K '__"_':_
b i  sin by "| land x — 0= bx—0

foy i b J?.T J

(a‘ l . siny
= Jx lim =
b)) 0y
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Question 15:
sin|mt—x
lim{—_}
Evaluate the Given limit:*~ *(7~*)

Answer:

limsm{ﬂ:—x}

w=n p(m—x)
Itis seenthatx 2 m= (m—-x) = 0

.-_|1m5i"[“_x]=i ligs sin{n-x)
X4 TE[‘,IT—X} “i:—tl-m (J-r_._._\;]

] [nms'“}f:]}
m verll oy

[

Question 16:



CO5 X

lim
Evaluate the given limit: "™ T—x

Answer:

,ocosxy cost ]
lim = =
ax—-x -0 =

Question 17:
. cos2x-—1
lim—F—
Evaluate the Given limit: **" cosx—I

Answer:
. cos2x-—1
L ————
¥=0 . gosx —|
{]

At x = 0, the value of the given function takes the form U

Now,



. eos2x—1 .. 1-2sin®x-1 B
im—=hm————— cosx=1-2sin =
x4l o8 Y — xwdb S
Sosa=l 1=25in" —=1
T [
(sm X 2
i %X
11 1 Ll X
= lim = lim .
|| . =X v—5ll
sinm” T
2 sin 2
2 2 |
Y 4
))
sin’ x
lim : |
T 3
= 4 wwpl] _x )nl
.
sin”
. .
lim| ——=
v —all (-"l'
L2
. sinx Y
lim
L] IT X
=4 g ¥ —»0==——0
XY 2
S0
. 7
lim——=
T ¥
i 2

Question 18:

. ar+xcosx
lim————

Evaluate the Given limit: **"  bsinx

Answer:

. v XCcosy
lim ————

=0 fhsiny

0
At x = 0, the value of the given function takes the form U

Now,



._av+xcosx 1. x(atcosx)
im———=—lim——=
et hginx b o= sinxy
| i v b
=—lim| — J:-:Iim(u+c03x]
rHegnx)
| I ’
=—x————=xlim(a+cosx)
b . sinx | s '
lim—— |
; r—sll X J
| [.. sinx
=—x(a+cos0) lim =]
IJJ ¥ —3(1 Y
~a+l
b
Question 19:
) - limxsecx
Evaluate the Given limit: "
Answer:
; : x 0 {
limxsecxy =lim = . =i = ]
rail rebeosxy cosl ]
Question 20:
. sinax+ bhx
lim—— a.ha+h =0

Evaluate the Given limit: " ax +sin b

Answer:

0

At x = 0, the value of the given function takes the form U

Now,



_ o sInax + by
lim——
vl gy -+ sin by

sin ax
( Jm-+ frx

= |im

x—=#iF

( 5in b:r]
ax + hx
b

L i lelm (ax) +I|mb':
cry—ll g

a—+

= [As x — 0= ax — 0 and by — 0]
. smbx
[im ax + |I]TI In(llm ]

r—all Fiv—plh X

lim{ax)+lim bx [ Sitnis }
o Sinx

= P lim

=y

lim eax + lim bx

T+l r—5ll

I1111{ax+ bx}

—. X+l

Ilm{m + hx)

v—)

=lim(1)

=1

Question 21:

_ . lim(cosec x—cotx)
Evaluate the Given limit: =

Answer:

At x = 0, the value of the given function takes the form= —=,

Now,



lim(cosec x — cot x)

¥ —ail

—hm|————
=+l SInX  sINnX

. (l=cosx’
=lim| ——
¥+l SII"I X

fo CGS.\']

[ | —cosx | J
=lim————=
als [mnx]
X
. l—cosx
lim -
L—sll ..T
o8Ny
lim
T =pdd _1'
0 . l=cosx 5inx
== lim=———=0and lim——=1
I w—pld x t—all X
=1}

Question 22:

tan 2x

lim

Answer:

. tan2x
lim

A+

i 0
At 2 the value of the given function takes the form {0,
n m
X-——=Yy x—=>—,y—=0

Now, put 2 so that 2



[lam{*n:+ 2y) = tan 2}]

sin 2y

= lim
y=l 3 epg 2y

b

: [sinly 2
= lim £ J

v=0l Dy cnsy
{ . 2 L
=| lim ey ]x]im -~ [y 20=2y 0]
|\ By Qy v=i] cos2y
. {Iimsmxﬂ}
cos () A0 X
T
|
=2
Question 23:
{2r+ 3, r<)
lim lim 3 ! |
Find 2 f(x) and o 1(x), where f(x) = O\ *1) i

Answer:

The given function is

{2.1:+3, x<()
f(x) = 3(x+1), x>0
lim £ (x)=lim[2x+3]=2(0)+3=3

lim f (%) =lim3(x+1)=3(0+1) =3

x—ll’

s dim f(x) = HT flx)=limf(x}=3

v i) sl

lim £ (x) =lim3(x+1)=3(1 +1)=6

]lt‘ll'l flx)= ]1i_rn3[x+l}:3{i+ 1)=6
lim £ (x) = lim £ (x) =lim £(x)=6

b |



Question 24:

lim i
Find ! f(x), where f(x) =

Answer:

The given function is

_ J".S:: ~Lx<l
/) |- =1 x>1
lim £ (x) = |iu|1[x-‘ -1]=1"-1=1-1=0

lim f(x) = lim[ " =1 ]=—F ~1=—1-1=-2

il
It is observed that lim f(x)+ lim f(x).
T—+l r—#l"

Hence, Iiﬂ? .,f'{.r} does not exist.

Question 25:

H 3 x=0
X
0 x=10

lim
Evaluate - f(x), where f(x) =

Answer:

The given function is

H* x=0
X



=lim [i] [When X is negaitve, |'r| = —:r:|

=lim i] [ When x is positive, |x|=x]

It is observed that lim f(x) # lim f(x).
w—il"

a—#li

Hence, lim f(x) does not exist.
A+

Question 26:

X
=

lim =
Find =9 f(x), where f(x) = (> *¥=0

Answer:

The given function is



X

—, x=0
7 (x)=1]

] x=0

=]
lim f(x)=lim [i]
e a—ll |_','|_"

=lim |:l}
¥ =i} x
=lim(1)

It is observed that lim f'(x
a—wll

[When x =0, |1| = —1':|

[When x =0, |x| = _'r:|

)# lim f(x).

x—+ll

Hence, lim f(x}does not exist.

gl

Question 27:

lim 1
Find " f(x), where f(x) = 1 >

Answer:

The given function is f(x) =].1:|—5_

im 7 (x)= lim 5]

=lim(x-35)
=5-5
=0

lim £ (x)= lim (|x|-5)

N5 N—+57

=lim(x-35)

=5
=5=5
=10

S lim 7 (x) = lim F(x)=0

Hence. lim f/(x)=0

[ When x>0, |x|=x]

[When x>0, |x]= x]



Question 28:

[a+bx, x<1
14 x=1

) _|bh—ax x>

lim
Suppose f(x and if = f(x) = f(1) what are possible values of a and b?

Answer:
The given function is

(a+bx, x<1
F(x)=14. ¥
h—ax x>

lim f(x)=lim(a+bx)=a+b

| y—l

lim f(x)= Hn"ll[h— ax)=h-a

v—l T

f(1)=4

It is given that E_in?_}"{'.r) = f(1).

o lim FEx)= lim E) = lim f (x)=£(1)

= a+b=4and h—a=4

On solving these two equations, we obtain g =0 and b = 4.

Thus, the respective possible values of a and b are 0 and 4.
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Question 29:

Let™ 92 = “ipe fixed real numbers and define a function
f(x)=(x—a)x-a,)..(x—a,)

lim

: lim
What is " f(x)? For some A2, Oauiy €

. compute = f(x).
Answer:

f(x)=(x—a)(x—a,)..(x—a, }

The given function is-



Imlj{ ]-hm[[t—ﬁ} )..(x- “}]

=[!i[n[x—al ]}[hm[r a, ',I} [l 1 }
=(o—a)ag-a).(a-a,)=0

I1_11J1|f{'r} =)

Now, lim /(x)= Elm[ x—a )x—a,).(x—a, }j

N E—¥dl

= [!llr':{l -a, ‘}] |:]\II]’]I (x—a, ]} [lruﬂ{r —a, }]

=(a—a ) a-a.)..(a-a,)
1@2.;.{1'}:[”_‘% Na-a,)..(a—a,

Question 30:

|x|+l_ x< 0

]D, v=1
-1, x>0
It i) = =D ¥>0

lim
For what value (s) of a does = f(x) exists?

Answer:
The given function is
|x| +1, x<0

f[x)= 0, x=10
|:r|— I, x=0

When a =0,

lim f(x)= lim (|x|+1)
=lim (-x+1) [Ifx <0, |x|=—x]
=—0+1
=1

lim f(x)= 1|T{|r|—1}
—lln}(r 1} [lf,r}{}. |x|:1']
=0-1
=1

Here. it is observed that lim f'(x)# lim f(x).

- lim f(x)does not exist.
Tl



When a < 0,

lim f(x)= lim (Ix]+1)

N—*il

=|in1[—.T+|] [J.'{ﬂ{ﬂ::? A‘f:—x]

r—*il

==—g+]

lim f(x)= lim (|]]+1)

K=l

=lim(—x+1) [ﬂ{x{ﬂ::r .1.';5=—,=r]
=—g+]
sim f(x)=1im f(x)=-a+]1

i
N—*i X—rod

Thus, limit of /'( x)exists at x = &, where a <0,

Whena>0

lim f(x) = lim (|x|-1)

L )

=lim(x—1) [D{ x{u:,"=|x|=,r]
=a-1
lim £ (x) = lim (jx|-1)
=lim(x—1) [0{ £J<I:>|I|=.T:|
=a—1
- lim fx)= lim flx)=a-1
Thus. limit of /' (x ) exists at x = a, where a > 0.
lim f{x
Thus, L-'-*f{ } exists for all a # 0.

Question 31:

. f(x)-2 i
lim ==t limf(x)
If the function f(x) satisfies **' X" —I , evaluate !

Answer:



f(x)-2

lim—— =1

i " |
lim (f(x)-2) -
tr et

ﬁlﬂiml{f{x}—?}:nljm(f—]}
= l‘im(f{x}—zl}: (1P -1)
= lim (f(x)-2)=0

::»l_in}F{x}—hrrllE:E}
. Ny
ﬁlﬁlt‘:‘llr{.\} 2=0
=%
lim £(x)=2

Question 32:

mx” 4, x<0
f(x)=qnx+m, Dxxl
3 ; lim f{x lim f{ x
If hedleadl *>1 " For what integers m and n does ) and ' { }exist?
Answer:

The given function is

mx* 4n, x <0
fix}=1mx+m, 0=sx<l
e+ m, x>1

lim f(x)=1lim(mx’ +n)

e 11 ¥ —l|
=m(0) +n
=n

lim f(x)= [_in}(n_r +m)
=n(0)+m
=N,

lim f{x
Thus, “-'“f{ } exists if m = n.



lim f(x)= |in‘l|{n.1r+m}

i—el I+
=n{l)+m
=m+n

lim f(x)= !im(nf . m}

voalt r—1 /
=n(l }J +m

=m+n

Iirrl'n Flx)= |il'{'!. Fix)= I}ﬂ}f{ﬁ.}

limf(x) _
Thus, exists for any integral value of m and n.
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Question 1:

Find the derivative of x2 — 2 at x = 10.

Answer:
Let f(x) = x° — 2. Accordingly,
F10+ k)= f(10)

F(10) =lim

h
[{mmf —z}—{mi—z}
=lim .
heall h
1P +2.10h+H -2-10"+2
= lim
ol h
. 20h+ R
= |lim ———
fpall Illlr

= lim {20+ h)=(20+0)=20

fg—al]

Thus, the derivative of x2 — 2 at x = 10 is 20.

Question 2:

Find the derivative of 99x at x = 100.

Answer:

Let f(x) = 99x. Accordingly,



£(100+h)= £(100)

F(100) = lim

h

: 99{1Uﬂ+h]—9{}{lﬂﬂ]
=lim ' '

fi—a i h

L 90 TO0 + 990 —99 < 100
= lim

=31l ;_il

. 99
= lim——

il fp

=1im(99)=99

frall

Thus, the derivative of 99x at x = 100 is 99.

Question 3:

Find the derivative of x at x = 1.

Answer:

Let f(x) = x. Accordingly,
fll+nm)=1(1)

1

1+ h)-1
=|jm&
A h
:Iirr‘lE
J'|-+|'|||’]l

=lim(1)

h—wll

f(1)=lim

=1

Thus, the derivative of x at x =1 is 1.

Question 4:
Find the derivative of the following functions from first principle.
(i) x3 = 27 (i) (x = 1) (x — 2)

L x+1
(i) X (iv) ¥

Answer:

(i) Let f(x) = x3 — 27. Accordingly, from the first principle,



ey i L ER) = £ (x)
f(x)=lim -

=il

[(x+h) =27]~(x"-27)

=lim

fi—all It

e T L G
=lim

Tr=pld h

L W #3xh+3xk
=lim

=l ]I'-||
= |_i!'r|] ( W +3%5 4 3;‘-’1}

=0+3x" +0=3x"
(i) Let f(x) = (x = 1) (x — 2). Accordingly, from the first principle,

fx+h)=7(x)

fx)=lim-

hepdh }-Ij
S¥im (x+h=1)(x+h=-2)—(x-1)(x-2)
iy =i} h
: (.‘r: +hy—2x+hx+h° —2h—x—h+ 2]—(::3 —21—.\‘+2}
= 1m
p—stl Jlllr
(At hx+ B —Eh—h)
=lim
Tyl h
. 2hx+h' =30
= lim—m0m7m8F  —
Fr—ai] h
=lim(2x+h-3)
=(2x+0-3)
=2x-3

1
flx)==
(iii) Let *" . Accordingly, from the first principle,



f'(x)=lim [{x+h)-7(x)
te—si} h
_x X
— lim {_'r+!}} 4"
fe—a() b

0-2x -2
P (x+0) ¥
2 sl
(iv) Let x=1 . Accordingly, from the first principle,
- 5 _fl{.T+lrf}—fl[_'f]

[.r+h+!_x+1]

= lim \¥+th-1 x-I

s h
=lim— (=) (x+h+)—(x+1)(x+h-1)
R [I—l}{:l.'+h—]}

; ]-[.1::+}1r+x—x—h—l)—{x:+hx—x+x+h—I)
- h!mg (x=1)(x+h=1)
B Iiml_ e

"-‘"h_{_r—l](x+h—|]

= Iim|i 2 }
ol (x=1)(x+h-1)

. S

(e (x-1) (x-1)

Question 5:

For the function



ji i3

X X

=—t—F..+—+x+!
f{x} 100 99 2 %
Prove that £(1)=1007(0)
Answer:

The given function is

: i o™ p® ¥
—f(x)=—| =4+t x+]
el de| 100 99 2

CAPYMWNLCA i[ﬂ. afx) dey,d
& (‘T}"Lﬁ-[mn}rdx QQJT”'erf[ 3]' ——(x)+—(1)

LY

On using theorem i(ﬂr” ) ="', we obtain
elx

d / [ 100x™  99x™
i

.
x)= + o +0
100 oo 2

=y 4 L a+]

L) =2 +x" x4

Atx=0,
f(0)=1
Atx=1,
L=+ b L= [l 1] = 15100 = 100
Thus,f’{]): 100x 1'(0)
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Question 6:

. . . T =1 I . n=1 r=l ] .
Find the derivative of ¥ tax +ax “+..+a X+ad for some fixed real number a.

Answer:

=1

flx)=x"+ax"" +a&’x" +..+a" 'x+a"

Let -



: i I i 3
f'(.‘f) = T{_r" +ax" ' et o rad e+ a }
(AN

_i ] i a—] _’i{_ =X r.'—Ii_ i fli
_cf_r(-r }+aih{:r )+a Eﬁ{.‘r }+...+fF dx{.\]+a .;?f‘l.'[l]

; il 23 :
On using theorem T.l"’ =nx"" . we obtain
ax

fx)=n""+a(n-1)2""+a* (n-2)x"" +..+a"" +a"(0)

il =l

=" ta(n-1)x"+a’ (n-2)x""+..+a

Question 7:

For some constants a and b, find the derivative of

=
o

(i) (x — a) (x = b) (ii) (ax? + b)? (iii) *—b
Answer:

(i) Let f (x) = (x — a) (x — b)

= f(x)=x"-(a+b)x+ab

%)= %{x: ~(a+b)x+ab)

d, - d d
=H{-x }—{ﬂ”?]‘“,—x(x}“'gi‘”’}

= d " T =
On using theorem d—{x )= nx"", we obtain
X

.fu{l'] = 2.r—{a+£'-] +0=2x—a-bh
(i) Lot 7 () =(ax*+0]

= [(x)=a’x' +2abx’ +b°

" d ¢4 P s d f, d ¢, d i3
St (_T}:E;[c: X'+ 2abx* +b )ZH E{x'}+ ZEIF?E{.‘( ]+-I:E(h ]

, ; d . i :
On using theorem d—ﬁ. =mx"" . we obtain
x

f(x)=a’ (47 )+ 2ab(2x)+ b7 (0)
=da’x" + dabx
= dax(ax’ +b)

| —

X—da
x=p

R

Letf (x)=
(iii)

i d(x—a
= {XJEE[I—!J]

—
i




By quotient rule,

i (x—b) ;i(,'l.‘—f;’]—(,'l.'—ﬂ'];i_(x—h]

.f- {'T}_ [.T—.fﬂ']:
:(:r—b}{l}—{,r—r;r){i}
{x—hf
:x—h—x+ﬂ
(x—b)
.. a—h
(x-b)
Question 8:

Find the derivative of ¥ —& for some constant a.

Answer:
LELf{I}=_f =..
X—da
d(x"-a"
= Flx)=—~
f(x) (irt X—il ]

By quotient rule,

- d ¢ o d
) {A“—u}dr{x”—-a”}—{x"—-n”}dx{x-—a}
£(x)= e
(x—rd(nﬁ“'—ﬂ)—(r“—u”}
(x—a)
nx" —anx"' —x" +a"

(x—a)

Question 9:
Find the derivative of

Qx—i

(i) 4 (i) Bx3 +3x—=1) (x = 1)

(iii) x=3 (5 + 3x) (iv) x° (3 — 6x79)



2 x

(v) x4 (8 — 4x75) (vi) ¥+1 3x-1

Answer:

(i) Let f (x) = (5x3 + 3x — 1) (x — 1)

By Leibnitz product rule,

=(5x" +3x-1) d [x—l]+{:r—l}i[5_\"1+3_1'—l)
't

fx elx

{ —1)(1)+(x—1)(5.3x° +3-0)
(5_‘ ]+ 1—]){151 +3)

53T+ 3x—1+15x" +3x-15x" -3
=20x" =15x" +6x -4

(iii) Let f (x) = x~ 3 (5 + 3x)

By Leibnitz product rule,

. .
(5+3x) +—{5+3x}m_{x"' )
=x 7 (043)+(5+3x)(3x )
=x " (3)+(5+3x)(-3x7)
=3x7 -15x" =-9x~
=—6x" —15x~"

=—3x :[2+£]

x J
A =3
=27 (2x+5)
X

= _T]{5+2.1'}

(lV) Let f (X) = X5 (3 _ 6X—9)

By Leibnitz product rule,



70=2 L3636 L ()
— ' {0-6(-9)x 4 (3-6x7) (5x')
=x' (54x7" )+ 152" 3007

=54x  +15x1 =30x7
=24x7% +15%"

24
=15x" +=
X

(v) Let f (x) = x™# (3 — 4x7)

By Leibnitz product rule,

F(e) = L (34 (3-4) L )
=x" {0-4(=5)x 4 (347" ) (-4) !
=x7(20x " )+(3—4x 7 )(—4x7)

=20 —12xF +16x7"

=36x7"" -12x7*
__12 36
xi x'lll
2 x°

==

(vi) Let f (x) = x+1 3x—I

fﬂ{j)z%{%}%hil]

By quotient rule,

£(x)- .

_{x+l)-i{2}—2i{_v+l} _ {3.r—|)m G




Question 10:

Find the derivative of cos x from first principle.

Answer:

Let f (x) = cos x. Accordingly, from the first principle,

f(x+h)=f(x)

f(x)=lim

fr=wdp

cos(x+h)-cosx

=lim - :

Jrnll h-

I | cosxcosh—sinxsinh—cosx
= lim

h—sli h

=lim

—L‘:}:;.T{I —C0s h} —sinxsink
il f}

M=l h

| —cosx(1-cosh) Smﬂinﬂ
= lim = ;
!

. l—cosh . (sinf)
=—cos x| lim —sin xlim J
D=l h B ki

=—cosx(0)-sinx(1) []_im : _:]5 B —oang tiis

fr=al}
=—3inx

S (x)=—-sinx

Question 11:

Find the derivative of the following functions:
(i) sin x cos x (ii) sec x (iii) 5 sec x + 4 cos x
(iv) cosec x (v) 3cot x + 5cosec x

(vi) 5sin x — 6¢cos x + 7 (vii) 2tan x — 7sec X

Answer:

(i) Let f (x) = sin x cos x. Accordingly, from the first principle,

sink

h



S(x)=lim

d—sli

fx+h)=1(x)
i}

i 5in{1‘+h}ﬂ05{x+h]—5in X COS X
= [1im
fi—#lh h

=t [Esin{x+h}ms{x+ h1)—=2sin x cos ,T]

fi—lh 3 h

L :
=lim E[sm 2(x+h)—sin 2,1\]

I 2x+2h+2x . 2a+2h-2x
=lim 2cos -5in

i 2y i 2

o dx+2h . 2h
= lim—| cos sin—

=y 2 2

: 1 2
:!L;EE c05{2x+h}5m h]

} . sin/
:I|n1+:-::ﬂ3.{2:1c+.Fa').llmE

f—pdd f—pli h
=cos(2x+0).1
=cos2y

(i) Let f (x) = sec x. Accordingly, from the first principle,



Fx+h)—f(x)

(x)=lm:
FE) lim -
sec - X
— (x+h)—secx
N1 h
= iiml : I

ni fi| cos(x -+ h) " cosx

[ cosx—cos(x+4) |

=lim—

h—sii

- | =

~ cosxcos(x+4) |

. (xtx+hY ., (x=x-h)
i , —2sin = 51 p .
= lim— ; S

cosx i cos(x+h)

-2 sin(-g‘f-i'--{ \‘,S'm |f = h} ﬁ
\ SN2

) o)

] 1sinx
COSX COSX

=secxtany

(iii) Let f (x) = 5 sec x + 4 cos x. Accordingly, from the first principle,



S(x)=lim S{x+h)=1(x)

fi—ll h
i Ssec(x+h)+4cos(x+h)—[3secx+4cosx]
=lim :
sec(x+h)—secx cos(x+h)—cosx
:ilim[ [ ) ]+4ljn1[ { ) :I
Ji—sll h fi—) it
=5hm L - i + 4 hm l[cos (x+h)—cos .'r]
W= h| cos(x+h) cosx 0 fy

| [ cosx—cos (x+h)

+4lim -]-[CDSICGS h—sinxsin i =cosx|
=0y i cos xcos(x+4) 0 fy

A x+x+h) . (x—x-h
l —2sIn - Jsm I
=——Ilim— +41im —[— cos x (1 —cos /1) —sin vsin Pr]
cosx =0z cos(x+h) =i hp
[ T y
i -2 sinl i ]sin[ . J .

5 . 1 2 k2 . (l-cosh) . . sink
= Jdim— +4| —cosxyhm —— —gin x im ——
cosx im0 f cos (¥ + /) = -0 fp

- n Al
. [ 2x+h) : 2
sin 5 J W
S q :
= dim = +4|{(—cosx}.(V)—{smx).l
cosx i cos(x+h) [[ }[ } ( ) 1
: (lx +h] . (h‘
: sin sin| —
2 . R . EJ .
= | lim Jim —4sinx
cosx | #=0 cos{x+h) v A
2
e .Smx.l—#sinx
COSX COSXY

=Ssecxtan x.—4smn x

(iv) Let f (x) = cosec x. Accordingly, from the first principle,



!

J'(x)=lim

i

I(x) ~lim

0

= lim—

Jr—pl

o] =

= lim—

Je—sd)

=

=lim—

fe—sli

=lim—
Bt fy

1] sinx—sin(x+h)

(x+h)—F(x)
fr

[msec (x+h)- cnsecx]

|

|

=

| |
| sin(x+/) sinx

sin(x+/r)sin x
_2 (r+x+h] . (r—x—!r“
Cos| ———— |sin -——-—--—J
sin{x 1 h}sin x
Il 5 e I
2005['x+hJsin| —h]
2 L2

sin (x+ /) sin x

=lim

fi—pil

= lim

=0l sin{x+A)sinx | 1,

{

ginxsiny

sin{x+/f)sinx

Ix+h)) !
{2x .h] sin[{j]
- )

~Co§| —
i ) |
im
h
5

:

S

A

COsX

]

= —QOsecy coty

(v) Letf (x) =

3cot x + 5cosec x. Accordingly, from the first principle,



S(x)=lm

fi—0

= lim

S(x+h)=f(x)
fi

3cot(x+#h)+ Scosec(x+h)—3cotx —Scosec x

fr—sdi

h

=3 Eli_i;q%[cot (x+h)—cot :r] +5 !li_lmlh[ccrsec{x+ h)—cosec x]

Now. liml cnt(.r+h]—cnt.t]

fa—sib I;I

=lim—

| _C{}5{I+ .’;') {;05;;[]

bl | sin(x+h)  sinx

h-all p _sin_\'siﬂ [I"‘ h}_

+=0 k| sinxsin(x+#) |

| _msl:x + h)sin x - cos xsin (x + f?}j|

sinxsin(x+4)

| i Sil‘l(.‘(—l‘*—h} |

sin(—h)

. sinh : |
=—| lim—— || lim— e
b=l =l 510 X - 5in {x+ f'r}

=1

=

= =—cosec’x «(2)

'_v.irlx-yrin{x+ ﬂ:l N sin” x

(1)



lim & [ccrsec (x+h)- msew::r]

fi—wil T

[ | ]
= lum— =

-'l'*“h I-["-i.:i.l'l {T"""f?} Sin-‘r

1 [ sinx—sin (x+1)
i fi| sin{x+ f)sinx

2 [;1‘+.1‘+fi} (.‘(—*.\'—ﬁ]
2cos - 51N
1 3 2

E

i fy sin  x+ /i ) sin x

L.

'—"J [l’r+h] . ( FIJ
~c0s sui| =
1 2 it 2

[Ty ¥ sinfx+ f1)sin x

h
[ 2-v+ﬁ].‘f‘".1..
ikl

3 |

=lum =

Jiaih S-lh. l: X +. ;J' } 5111. X
{2,1'-#!:] : (—"-'J

— 0% S100
+ '-? _’
=lim = Jim——=—=

it sin( x4+ B )siny | 2 [‘&]
= A

[ — 205X ]]
sinxsiny /

= —gosecycot ¥ {3}

From (1), (2), and (3), we obtain
f"(x)=—3cosec’x— Scosec xcot x

(vi) Let f (x) = 5sin x — 6cos x + 7. Accordingly, from the first principle,



S{x)=lim*

fi—sil

fxh) - ()
h

= Ei]ﬂi?l:isin{:i +h)~6cos(x+h)+7-5sinx+6c0sx—7|

fi=nli

=lim l[i{sin (x+h)—sinx}—6[cos(x+h)- cﬂﬂxq

JI—M'}? J'
W i S L o
=5!.1£ﬁ? sin{x +}'r}—!ama]—ﬁEITEE[L{}&{:w:‘:}—mm]
| x+h+x) . (x+h-x . cosxcosh—sinxsinfi—cosx
=5lim—| 2cos lsm —6lim- :
dr=pll h : ) 2 freepl 1 _Ifir
, | —cosx|l—cosh)—smxsind
=5|Ii1’ni El:::-s[2Jr+h‘]smE —6lim i ) ! :
Jr=ll h 2 2 Jr=ali h
sin h
; —cosx(l—cos/ xsi
it cos[b +h] 5 —Erlim{ cosx (1 —cos f}_sm 1s;nhj|
h—sll FI' =5l h h
2
. h
Al Ix+hY] .. 5105 _ d-coshY . .. ([sinh
=35| limcos lim——=| =6 (—cns.w} lim —sinxlim
Fr—all 2 !'-'_’” Jl‘i‘ Fr—all _h di—edd h
Y 3

= 5cos.x.1-6[ (~cosx).(0)—sinx.1 |
S5cosx+6sinx

(vii) Let f (x) = 2 tan x — 7 sec x. Accordingly, from the first principle,



fix -I—.|"Jﬂ:| —1'(x)

TR=E
= Eim : I:Ztan (x+h)-Tsec(x+h)—2tan x+ Tsecx |
sl =1
=l 9
=1 tan(x+ i} —tan x} — 7 Isec{x + fi)- X
lim .‘I[ { an ( ) - tan } {5&1:{ ¥+ f1) - sec '|.} ]

=2 Ilml*: hl:tan (x+h)—tan T] TEIII]I'I; :.* [*zec{_r rh}-wsec.r:l

| sm #] 5IN X | | | i
=2lim— —7hm— — .
>0 n:r:ra X+ h] COS X 0 Jr | cos(x+ ) Cos.x |

sm[JH f1)cosx —sin x cos(x i) | = 1| cosix- cos(x+4h) |
1 —y
it Jy cos xcos(x+ /1) | #oh| cosxcos(x e 1) ]

5 ’.r+x+h"1 (x—x—h)
R —= 310 S|ﬁ| z = ]
1| sin{x+h—x) i T T

0 fp| cosxcos(x+ ) o f cosxcos(x+h)

+J’r A &
o gl -2s1n |51n| - |
21i '3||1."r| | 71 | P . . ),
=2lim —T7hm—
0 | k) cosxcos(xd h] h=t fiy ccrs.rcos{.r I-h}
¢ wN (2x+h) )
: 510 3 =
st | ) 5 2
=2 lim lim - - |=T| lim—= Etnl
| i sty msxcns[.‘r—h] T sl I'rT Hheos LL‘IS{"- —h]
. . = |l _
i a5 AN J
| [ sinx
=2.I.——?.EL—
COSXCOS X COSXYCOsSy |
—2sec’ X—Tsecxtanx
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Question 1:

Find the derivative of the following functions from first principle:

(i) =x (i) (%)~ (iii) sin (x + 1)

%)
COR| X ——
(iv) .

Answer:

(i) Let f(x) = —x. Accordingly, f(x+h)=~(x+h)

By first principle,



=1
(x+h)

)=t == f(xeh)s
(ii) Let —% % _ Accordingly,

By first principle,
f(x+h)-f(x)

f'(x) = lim

|a—db

o 3 =l [—I]
=lim—| ———| —

h-+0h| x+h X/

. 1] -1 |]

= lim— -
h+0h{x+h x

| —x+(x+ h}]

=lim—
k| x(x+h)

= |lim—

1| =x+x+h
h=0h| x(x+h)

1]
=lim—
h—0 | x(x+h}

=lim

st X (x+h)
3 1 _]
XX X

(i) Let £(x) = sin (x + 1). Accordingly, | (X *h)=sin(x+h-+1)

By first principle,



fr{x}:"”_IFI::{-I=h]—l'||[?':)

[ B 2] 1

;  Lpos 2
= LﬂF[sm[}L+h+|]—su1[x+l]:|

o x+h+1+x+1) . (x+h+]1-x-1
=lim—| 2 cos Hin | ———
b |y 2 2

. I[ [2x+l1+2]. [hﬂ
=lm—| 2cos| ———— |s5in| —
h-sti |y 2 2

ﬁn[h]
[2:{+I1+2]_‘ 2

= lim| cos
b=l

2

sin(—-] .
2
= Iimcc:s(#]-!‘im - Ash —H]:,,l%—:»{l]

Fi—sl1

2x+0+2 [ sinx
= (08 T 1 lim =1

w—wlk x

=cos(x+1)

f{x}=cos[x—§] f{x+l1}:cﬂs[x+h—g]

(iv) Let . Accordingly,

By first principle,

(%)= Iimf[x+ h)—f(x)

=i

=lim—| cos| X+h=—= |=cos| x=—
“*“h[ 8 B




: R m i
|1+h‘g+1—8 X+h-——-x+
— lim—| =2sin~ L5in 8 8
h—t |y 2 2
’ \
[ i
| 2x+h—— |
= lim —| =281 SN —
bt |y 2
- Y
- < e
T mn|51
= lim| —sin 4 ,k)
h—+ii 2 h}
B 2
[ / \ i
T g
T am|5] b
= lim| —sin ‘*Im e Ash—=0=——0
Fi=sli 2 |'|_,II h 2 |
i v ) 2
i &
n
2x+0-=
=—5in = .1
L%
- T
=—sm|x—
N, S
Question 2:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
g, r ands are fixed non-zero constants and m and n are integers): (x + a)
Answer:

Let f(x) = x + a. Accordingly, f(x+h)=x+h+a

By first principle,

h—D I.l',

i
=lim| —
JI—}II[ h]

5

=lim(1)

Bi—sll

Question 3:



Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

g, r ands are fixed non-zero constants and m and n are integers):

Answer:
Let f{x)=(px +q:](;—‘_ +.r]

By Leibnitz product rule,

]
i

1 ! - i ¢
£()=(oerq) Trs |+ Sos (peva)

%,

POl S
={;}I+q][;~;—-l +5) +{%+.‘§ |[p}
={;?I+(I|’}(—ﬂ1'_1)+[-£ -I-.s']p
L J
=(px p.q}[ : i | J— + 5 \Iip
LA /

s \-ll-

= LA LY

PJ.'
x x x
i
.
X
Question 4:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

g, r ands are fixed non-zero constants and m and n are integers): (ax + b) (cx + d)2

Answer:

Letj-{.r}=I[u.r+,_r;.”£..;_+ﬁ,]:

By Leibnitz product rule,
S(x)=(ax+b) g {f'.T'i'fi'r:l: +(cx + .:r'}'. @ (ax +b)
el clx

=(ax+b) i|:r."'.1r: +2edx +d” )+ (cx + n’]: % (ax+b)
dx j dx

:{m‘+h} i (c:,1'3J+ 4 (2cdx )+ d d:J-I-{::x+d}:[ 4 e+ ¢ h
efx ey

o

dx iy

= (ax + .’J](EE"‘.T+ Ee."d) + [r:x +d” )f.'

=2(.'[£T.Y+1")]{(‘.".'+Ei"]+ﬂ{|i‘_‘h‘+rj"]:



Question 5:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
ax+h

g, r ands are fixed non-zero constants and m and n are integers): ex+d

Answer:

;"{x}: ax+h

Let ex+d

By quotient rule,

(ex+d) = (ax+b)—(ax+b) “ (ex+d)
) D s
(ex+d)
(ex+d)(a)-(ax+ h}[i]
- (cx+d)
_acx +ad —acx — be
i (ex +r.:."}:
_ad-bc
(ex+d }:

Question 6:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p,
g, r ands are fixed non-zero constants and m and n are integers):

1+
%
1
| .
X
Answer:
| x+1
1+ x+1
Letf(x)=—L=—2—="— wherex=0
' x-1" x-1
'I -
X X

By quotient rule,



[_1‘—1}: (x+1)=(x+1) L (x-1)

1Y = ddx dx. %l
1'(x) G 20, |
=(-*—1}U}—{-jrl+1}{l}_ c%0. |
(x=1)
:M _'L';tﬂ.. |
(x=1)
= ~4 —,x#0, 1
(x=1)
Question 7:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
1

g, r ands are fixed non-zero constants and m and n are integers): @x" +hx+¢

Answer:

ax +hr+o

flx)=
Let

By quotient rule,

{(.'_1‘? —'.-’::r+c} “r_(]}— d_{m': + hx +f'}
£(x)= dx el

{n_r: + iy +¢ }

__{-::.1.': +!JI+{'}{U}—{3&.&‘+.H

( av +hr+c }

—(2ax +b)

{m‘l +bx+ c'_]:

Question 8:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
ax+h

g, r ands are fixed non-zero constants and m and n are integers): P* T4¥Tr

Answer:

|,et.;'{_1-}=f”—+h
PX +gx+r

By quotient rule,



(pr* +gx+r) = (ax+b)—(ax+h) ol (px* +gx+r)
.I'N{J.] = dx il i

(px° +gx+ r):

(;}x: +.r;.r+r]{c;r]—{;,r_rq-h]{z!;._“_q]

( p.x': +egr+r }:

_apx” +agx +ar —2apx” - agx —2hpx — bg
(PI! +gx + r):
) —apx® —2hpx + ar —bg

(Im':+qx+r]:

Question 9:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

;Jx" +gx+r
g, r ands are fixed non-zero constants and m and n are integers): ax+b
Answer:
Let f'{r}= px” +gx+r
7 av+h

By quotient rule,

{ = i d
w+B) - px +qe+r)—(px® Fqr+r v+ b
_{ﬁ' }ra',rh 7 } (p q :J{h[m )

Fial= {H.!.‘+h}:
(ax+b)(2px+g) —(p,r"' +q,r+r]{n}
) (ax+5 }:
2apx” + agx + 2bpx + bg — apx” — agx — ar
) (ax+b }:
2 apx” +2bpx + by —ar

%

(ax +b)

Question 10:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p,

a b
— ——+COSX

g, r ands are fixed non-zero constants and m and n are integers): + &

Answer:



iR h
Let/ [.r}:t—:——:+cns.r

X X
" d [ o d( b\ o
X|=— —| —= [+—
/ {1} H:'l.'[.i"l ] oy \ | el (cos 1}
d g s el
= X )=h X+ COsx
‘ oy { } rf.‘-'[ } -:|",1.'llr }

= af—4x7 )= b(-217" )+ (-sinx) [%{r’) =" ‘andi[ms.r )=—sin.x

i

_ A 73‘4
=——+——sinx
R

Question 11:
Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

g, r ands are fixed non-zero constants and m and n are integers): dx -2

Answer:
Let f'(a 4J1
.f"'{-'r}=‘—_(4u§ --z_}=:—"(4uf.¥_}~—{2}

Question 12:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

g, r ands are fixed non-zero constants and m and n are integers): (ax + b)"

Answer:
Let f(x)=(ax+b)". Accordingly. f (x+h)=la(x+h)+b] =(ax+ah+b)"

By first principle,



flx+h)—i(x)

f'(x)=hm- -
' h—adl .Iil
) {E.F.'l.' + it -H'T]” - |:.5ﬂ'-+- h)ﬂ
= lim
Jlll:jli h
(ax+h)"| 1+ i —(ax+h)
A ax+h
h-slh h
[I+- e_u':f_] 1
=[x -H?]" lim i :_ &
fi—ai} 1

H o _I -h
=[{ax+h) hnll 1+n[ a ]1-”(” ][ an J +..:=1
h-t g ax +h |2 ax+h |

( Using binomial theorem )

—1Ya'h’
[ ah ]+n{n yah

; —+...(Terms containing higher degrees of /1)
ax + 2

|2(ax+h)

Hal +H[H—I]cﬂ'l+

(ax+b)  [2(ax+b)
A

=|ax+b +0

lax0) [{m‘+h] :|

(ax+h)

=(ax+h) tliml 7

S0

-+l

={ax+h) lim |:

= nat ( ax +b } L

Question 13:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

g, r ands are fixed non-zero constants and m and n are integers): (ax + b)" (cx + d)™

Answer:

Let j{a\] = {u_r + b]" (cx+d },

By Leibnitz product rule,

'(x)=(ax+b) %{ ex+d) +(ex+d) %{ﬂt’ +h) (1)

Now. let f, (x) =(ex+d)"

filx+h)=(ex+eh+d)"



filx+h)=1i(x)
1
= !I'Hii} {-L'.T +ch +:.I";IL —I:L'.'l.'+-'.f]

=px+urﬂmpl[|+ ”*] -
b= f ex +d

Mg i y —l (.'EIET:
=(cx+d) ],uul [I+[mm +m{”; ) ( ) +___J—I}

Sl (evkd) 2 (extd)

i (x) =limg:

(i) i 1| meh +m[m—l]r'.¢'r"
e L —= =
bt fr| (ex+d) j[(-_l-.q.,_.-'}'

: —1)¢)
[ nic +m[m )e :+.1

(ex+d)  2(ex+d Y
={cx+d :lm [ i +H:|

cx 4+ of

+...( Terms containing higher degrees of /1)

=(cxr+d)" lim

fr—adl

B mc{ £+ cJ’}'"

=

{L:‘r+£”
= m { ox+ }J l
;—i{ﬂﬁ.‘+re’]m = m{'{f;x+u']m_= w(2)
Similarly. ;—! (ax+b) = nalax+b)" k3]
y

Therefore, from (1), (2), and (3), we obtain
f'(x)=(ax+b)" {mc'[c_r+ d)" } +(ex+d)" {nu{ar+b}""}
=(ax+b)"" (cx+d)"" [mc{m* +b)+na(cx+d)]

.

Question 14:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p,
g, r ands are fixed non-zero constants and m and n are integers): sin (x + a)

Answer:

Let,f(x}zsin{.rﬂ:]
f(x+h)=sin{x+h+a)

By first principle,



£y =t LA~ 113)

=il 1
o osin{x+h+a)-sin{x+a
= lim { } { }
N0 h
1 1+fr+ﬂ+r+ﬂ rf‘r+h+ﬂ—1—
=lim 7LL1*~| nk
Pl h
| fr21+2a+h : Kh"
= lim — 2m¢.| - —
=il h _ 2
_ AT
sin
; (2x+2a+h) [2
= lun| cos |
M=l | t 1 J | h l"ll
L 2)
510 h
; 2x+2a+hl .. 2 [ h
:|ll‘1‘tf.':(‘:5[ }Ilm St 4 Ashoa0=—=10
Spend i " 2 J ﬂ_,., (ﬂ“" L 2
3 LEJ
(2x+2a [ sinx
= C0s # | lim =1
L 2 0 x

=cos(r+a)

Question 15:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
g, r ands are fixed non-zero constants and m and n are integers): cosec x cot x

Answer:

Lot J{x)=cosecxcotx

By Leibnitz product rule,

f'(x) = cosec x(cot x) +cot x(cosec x) (1)
Let f, (x) = cot x. Accordingly. £, (x+ /)= cot(x+h)

By first principle,



£ (x) = tim LA~ £ (3)

Jr—=01 h

_Ic:)t[xﬂl;}—c:ﬂt.x

—liml ms{_x+h}_cnsx
b0 | sin(x+h) sinx

=lim—
vy sinxsin(x+/)

1| sin(x=x~4)
= lim - >
Yl h _S]n X51N [-T -+ h)

I .. 1| sin(=h)
=— lim—| ————
siny A=0 h su1{x+h}
-1 sinfr |
=——| lim J lim——
sinx \b=o  f =0 sin (x+ h)

-1 I
el
sinx [sm{xﬂ]}]

SN~ x

I [ sinxcos(x+h)-cosxsin(x +fa}}

= —cosec ¥
- (cotx) =—cosec’x 42

Now, let f5(x) = cosec x. Accordingly, ff{’Hh} :CGS':C{IHI}

By first principle,

£ (x) = lim filx+h)- £,(x)

Jr—si1 h

= E}T&%[mscc[x+ h)—cosec x |



w0 fi| sin(x+h)  sinx

= lim —
b0 I.i_ sin xsin(x+ 1)

| [ sinx—sin(x +h]:|

FREXER = Tl
.'S||'|.|

2
=R I_1r'nl s & @ N & 9
sinx 0 sin(x+h)
[ (2x+h) Il
Zcos[ s1n
| Oz b
=——— |lim—
sinx 0 f sinfx+h)
o R (2x+h
[ sin| cns| .
=——lim| e =
sinx s FW sm{'l.+.fi}
2;
[ 2x+h)
L cos |
“3 -.. _,-"
= lim——=2 lim-
sinx -0 (I] 130 sm{t+ﬁ}
\ 2/
(2

|
sin x sin[.r+ 0)

-1 cosx

510X SNy
=—cosecy.coty

.. (cosec .1:}J = —cosecy cot ¥ ~(3)
From (1), (2), and (3), we obtain

"(x) = cosec x(—cosee’ x| + cot x(-cosec xcot x)

3 )
=—COSEC' X —Ccot™ X COSEC X

Question 16:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
Cos X

g, r ands are fixed non-zero constants and m and n are integers): I +sin.x

Answer:

f(x)=

Let | +sinx

COsX




By quotient rule,

st (1+sin 1}% (cosx)—(cosx) t% (1+sinx)

(1 +5inx}:

_ (I+sinx)(—sinx)—(cosx)({cosx)

(1+sinx)’
_ —sinx-sin’ x—cos’ x
(1 +$in.1‘}3

—sinx— {5’[:1: X+Cos 1‘}

(1+sinx)

(1+sinx)’

—sinx—1

_ —(1+sinx)
B (1+sinx)
|

(1+sinx)
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Question 17:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

§IN X+ COS X

g, r ands are fixed non-zero constants and m and n are integers): SIN X —COS X

Answer:

sin v+ cosx
fx)=—
Let SN X —C05 X%

By quotient rule,



(sinx—cosx) - (sinx+cosx)—(sinx+cosx) . (sinx—cosx)

fr {..T} 1 IJIIJ- = fi‘f

(sinx—cosx)

| (sinx —cosx)(cosx—sinx)—(sinx+cos x)(cosx +sinx)

(sinx - cosx)’

~(sinx- Cu':i:r): ~(sinx + cos x)

(sinx—cosx)
- Lsin: X+C08" ¥ —28INXCOSX+8iN" X+ Co8™ X + 28in ¥ cos .rJ

=

(sinx—cosx)

I L]
i (sinx—cosx)

e

5

(sinx—cosx)

Question 18:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
secy -1

g, r ands are fixed non-zero constants and m and n are integers): secx+1

Answer:

secx =1
_x' T ———

Let secx+]

]
. . l—cosx
N _ COSX
X )= =— e
7(x) 1 1 +cosx

+ 1
CosX

By quotient rule,



(1+ cosx) s (1-cosx)—(1-cosx) d (I+cosx)
f(x)= dx dx

(1+ C{)SI]J

(14 cosx)(sinx)—(1-cosx }[— sin x)

(1+cosx }:

S X+ COS X SIN T+ SN X — SI0X COS X

(1+cosx)
25in x

(l+a::m;r]|T

~2smx  2sinx
|rl+ 117 (secx+1)
L SECX sec” x

2sinxsec ¥
(secx+1)
2s5inx
Secx
B

(secx+ I}:
_ 2secxlanx

B (secx+1)

Question 19:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

g, r ands are fixed non-zero constants and m and n are integers): sin" x
Answer:
Lety = sin" x.

Accordingly, forn =1, y = sin x.

il Cosx, l.e., —sinxy=cosx
dx clx
Forn=2,y =sin?x.
& . lr—'.I{S.irn xsinx)
dx v
= [:;in 1} SIn X + 50 J.'[Hill X j- [B}' Leibnitz product ruh:]

= COSXSINY+SinxCcosx

= 25inxcosxy (1)

3

Forn =3,y =sin° x.



dv d ;. e
'—=—{H.m.‘l.'5m .‘-{]

Vv dv
= (sinx) sin’ x +sin x(sin” x) [By Leibnitz product rule]
= cosxsin” ¥ +sin x(2sin xcosx) | Using [i]]

= cosxsin” x +2sin’ xcosx
= 3sin’ xcosx
El’r . {n=1}

—{5111” J:] = Hsin XCOSX
We assert that ¥ '

Let our assertion be true for n = k.

{—j{sin* x}: ksin' ™ ycosx sk
ie., dx

I
o

Consider

‘:i {sin"" Jr] = i‘ (Sin.\'sin‘ _‘l.')

= {:iiin.'r}f sin' x+sin x(sin _‘I.'}r | By Leibnitz product rule]
= cos xsin’ x+sin .r(.l’c sin ™ xcosx) [ Using (2) ]
= cosxsin' x+ksin’ xcosx
=(k+1)sin" xcosx
Thus, our assertion is true forn =k + 1.
d ;. (a-1}

—{5111“ x] = jsin XCOS X
Hence, by mathematical induction, € '

Question 20:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

a+hsinx

g, r ands are fixed non-zero constants and m and n are integers): ¢+dcosx

Answer:

Let_,f'[x} _a +hsin x

c+d cosy

By quotient rule,



(e+dcos r]i (a+bsinx)—(a+bsin 1]{—'Ir (c+dcosx)
f'(x)= clx 1 oy
) (¢+dcosx)

_(c+dcosx)(beosx)—(a+bsinx)(—dsinx)

(e+dcosx)

cheos x + bd cos” x + ad sin x + bd sin” x

({' +d (:UH_T;I:

n 2 v i)
hecosy+ oad sin x+ hc.f(:::{}!-'.‘ X+sin” JL'}

(c+dcos x}l

L bhecos x+ ad sin x+ bd

(c+dcosx)

Question 21:
Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

sin {_r +u]

g, r ands are fixed non-zero constants and m and n are integers):  €0sX

Answer:

iy =2lzre)

Let COs X

By quotient rule,

COS X % [sin{x+rr]] —sin(x+ u}% COS X

£(x)=

COs X

COS X ;—i [sin{_r+a]:| —sin(x+a)(—sinx)

“lx)= s P
? { ) CO5™ X
Let g(x)=sin(x+a). Accordingly, g(x+#h)=sin(x+h+a)

By first principle,



£'(x)=lim

fa—sr

glx+h)-g(x)
I

I T .
=lim—|sin(x+h+a)—sin{x+a
lim [sin )—sin(x+a)]

o x+htrad+x+a). (x+h+a-x-a)
=lim—| 2cos ' J
I\.

in |
fist) fy 2 ] L 2
I, P e i e |
= lim -1- Eunx( 2—3 sy J.k‘.in| h]
] h 2 ) l\. 23_;
(Y]
: [21’+2a+h] Smkif
= lim| cos y
Jrali 2 h\
{mn(ﬂw
Iy + 2 L3 i
=Timicas| 2ot el - A2 H§H 5025 2 50
o\ 2 )E l (4] ‘ | 2
5 2 s
2x+2a) [ sinhk
= | cos J:<| lim =]
: 2 R _
=cos(x+a) (1L

From (i) and (ii), we obtain

cosx-cos(x+a)+sinxsin(x+a)

f'(x)=

_cos{x+a—x)

cos™ X

cos” x
cosa

cos’ x

Question 22:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

g, r ands are fixed non-zero constants and m and n are integers): x* (5 sin x — 3 cos x)

Answer:

Letf{'r} =x'(5sinx—3cosx)

By product rule,



; 7 d
ix =x' L (5sinx-3cosx)+(5sinx—3cosx)-—(x"
)= 22 )+ e fo )
=x" Si{sinx}—ji(ms;] +{55E|1_r—3+:05_r]i[.1;4}
dx iy dy

=x [5 cos x—3(—sin v}] +(5sinx—3cosx)(4x7)

= x"[3xc0os x+3xsin x + 20sin x— 12 cos x]

Question 23:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

g, r ands are fixed non-zero constants and m and n are integers): (x2 + 1) cos x
Answer:
(x)=(x" +1)cosx
Lot/ (1) = (3" +1)e
By product rule,

'(x)= (_1--' 4 1}%{{:053;}.4.. L‘ﬂﬁ.‘ri(_x" " ]:]

dx

- (,H +|}{—sin x)+cosx(2x)

= —x*sinx—sinx+2xcosx

Question 24:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

2

g, r ands are fixed non-zero constants and m and n are integers): (ax“ + sin x) (p + g €co0s Xx)

Answer:

Let flx)= {m‘j +sinx)( p+qgcosx)

By product rule,

fx)= [m"' +5in 'l.}i{ pAgeosx)+( p+gceos 1‘]%“1‘{1 +sin x)
v dx '

= [ ax’ +sin x }[—q:‘-iin x)+(p+geosx)(2ar +cosx)

= —gsinx ( ax’ +sinx ) +(p+geosx)(2ax+cosy)

Question 25:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,

. . X+cosx)|x—tanx
g, r ands are fixed non-zero constants and m and n are integers): [ ) )



Answer:

Lot/ (¥)= (x+cosx)(x—tan x)

By product rule,

f'(x)=(x+cosx) = (x—tanx)+{x—tanx) d (x+cosx)
' dx dx

~(vcos )| ()4 (1) 1 (x-tan x)(1-snx)

~ (x+cos .x'}[l — ;—i tan x} (x—tan x)(1—sinx)

Letg{x} = tan * Accordingly, ghaeh) =i xrh)

By first principle,
(x+h)—g(x)
h

g'(x)=lim &

=511

— 15 %
:“m[tan{x+h) tan x |

fr }

h—ll

I _sin{x+h} ~sinx
b h| cos(x+h) cosx

I
5
|

1 [ sin (o +A)cos x - sin xcos (x + /)
b0 gr| cos(x+ /1) cos x

| ]_sin{xﬂ':—x)]

dim-
cosx i+ | cos(x+ )

11 sink
- I_I]t'l'l— — e
cosx =0 jr| cos(x+h)

I“\

" . . .; i s b
— I .]un& .LIII‘H;J

cosx \ =0 B )| =0 cos(x+ h)
1 1

= x5
cosx  cos(x+0)

]
COS™ X

SEC” X i)

Therefore, from (i) and (ii), we obtain
7(x)=(x+cosx)(1-sec” x)+(x—tanx)(I-sinx)
= (x+cosx)(~tan’ x ) +(x - tanx)(1-sinx)

=—tan” x(x+cosx)+(x—tanx)(1-sin x)

A1)



Question 26:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
dx+5sinx

g, r ands are fixed non-zero constants and m and n are integers): 3¥+7¢0sx

Answer:

7(x)= 4x+5sinx

Let Jx+7cosx

By quotient rule,

X+ /7C0O8X 4X+23251nx)— X+as51ny X+ /008X
3x+7 j 4x +5si e St e
_ =

(%)= : 4

(3x+7cosx)

(3x+7cosx)| 4 i (x)+5 i {5]11.\'}}—[4x+55“1.1‘}[3 4 i1 2 ong .1}
clx clx dx dx

(3.\-+?::Us.t]:
x+Tcosx J(4+5cosx)—(4x+35sinx)(3-Tsinx
_(3x+Tcosx)(4+5 4x+5sinx)(3—7si
(3x+7cosx)

12x+15xcosx +28cosx+35cos” ¥ —12x+28xsinx —15sinx+35sin” x
(3x+7cosx)

15xcosx+28cosx+28xsin x—15sin x +3:‘r[c:)>‘f ¥ +sin’ :r)

(3x+Tcosx)
_ 35+15xcosx+28cosx+28xsinx —13sin x

(3x+7cosx)

Question 27:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
g, r ands are fixed non-zero constants and m and n are integers):

% cos[ z ]

sin x
Answer:

; "EJ
X" cos| —
3

flx)=———+
Let sin x

By quotient rule,



sinx d (_r:} x d (sinx)
£(x) = cos=, elx i dx
4 sin” x

5 " 1
T [sm e die L L"DS-.TJ

sin” x

XCos : [2sinx—xcos x]

- sin’ x
Question 28:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p,
X

q, r ands are fixed non-zero constants and m and n are integers): |+tanx

Answer:

f(x)

Let |+ tan x

f(x)= :
%) (1+tanx)
(1+tanx)—x- d (14 tanx)
f(x)= dx ()
(1+tanx)

Let g(x)=1+tanx. Accordingly, g(x+h)=1+tan(x+h).

By first principle,



glx+h)—g(x)

g'(x)=lim

fr—sil 1

.| 1+tan{x+h)—1—tanx
= lim

] ;.'I'

_}iin{_T + .I'IT} sin.x

&
= lim— -
=t fi| cos{x+h) cosx

fiis ) | sin(x+h)cosx —sinxcos(x+4)
= ium =
bt Jy cos(x+h)cosx

. 1| sin(x+hA-x)
= lim—
h—+lt g um'.{_t i+ fr) COSX
. S
=lim—
o i | cos{x+h)cosx
a 1 f
(.. sinh)|,. | ]
=| lim—— |.| lim |
Il ) e cos(x+h)cosx )
=1 — —gee X
Cos™ x
cf ;] L]
— —(l+tanx)=sec” x .. (i)

de
From (i) and (ii), we obtain
\ | +tan x — xsec™ x
(1+tanx)
Question 29:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
g, r ands are fixed non-zero constants and m and n are integers): (x + sec x) (x — tan x)
Answer:

Let.f'{.x‘}={.r+se-:x}{.r—tan x)

By product rule,



f’{x}={x+s¢cx]i_[x—tan x)+(x—tan .r)%[xﬁec.r}

=(x +sccx}[%[x] —% tan :f]+{x—tﬂn_m']{£[_x}+

)
SCCY
Eﬁ.

=(x+sec :r}I:I - itar:t J.':| +({x—tan x][l + iscc x]
dx dbv

Letf,(x)=tanx. f,(x)=secx
Accordingly, f(x+h)=tan(x+h) and £, (x+h)=sec(x+h)
fl' [T] _ Ijm{ﬂ{x-l-f?}‘—f,{x}J

Hewll JILI'

[tan[x+h]—lﬂnr}

li

. “m|itan{:r+ )= tan xj|

h

1| sin(x+h) sinx
=lm — -
=0 fi| cos(x+h) cosx

=lim
Ji—ald

hi—1

i [ sin(x+h)cos x - sinxcos(x+ /)
=lim—
0 Jy cos{x+h)cosx

: sin(x+h—x) |
= lim %
i h| cos(x+h)cosx |

sinh

= lim [
=0 h| cos{x+h)cosx

. sinh )| . |
= [ lII'E‘I—J. lim
bt fp )| o0 cos(x+ ) cos x

I 2
=lx————=sec’x
COs” X
d : i
= —fanx=sec x ()

elx



_i":_-l {.‘L‘ll=ﬁll'l[ -'f: [I-i-h}—f:{.‘f)]
i [

0 Iim[ sec{.t'+;r]—sec .r]
Je—ii i

okl i
= lim— =
bl fy I cf_}s{_‘k‘ + .Ir}} COsSX

1 [ cosx —cns(_rﬂ'.l]:l

= lim—
i fi | cos{x+fr)cosx

- At x+x+hy . (x=x=h
i —2sin : J-sm 3
= Jdim— =
Cosx im0 i cns{r+h]
i . [2.\:+.ﬂ'] . (—n
=N ——— |5 —
l o 2 2
= dim—
cosx 0y cos(x+h)

1 .
= dim
Cos X /0 cos(x+/)

=8ecy. _
limcos(x+/1)
Je—slt
sin .1
=EEE
COS X
o
= —EeCY=SECYtan Y ; o)

e

From (i), (ii), and (iii), we obtain

f'(x)=(x+secx)(1—sec’ x)+(x—tan x)(1+secxtan x)

Question 30:



Find the derivative of the following functions (it is to be understood that a, b, c, d, p,
N

. . |
g, r ands are fixed non-zero constants and m and n are integers): 5ifl X

Answer:

flx)=

Let ~ gin" x

X

By quotient rule,

R - | d .y
SIN° X —x—x—sin" x
f.l{l} o Ejll_ _"f'b'

d

— sin”" x=nsin"" xcosx
It can be easily shown that v

Therefore,

A N
SN x X —Xx S x

lf'.'{x} - I,.I'II1 - ax
s X

sin” x.1—x(nsin"" xcosx)
sin™" x

sin™ x(sinx—mrcosx)

- lI.II
51N x
SINX— Ay Ccosy

vl

51N X



