Chapter 4 — Principle of Mathematical Induction
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Question 1:

Prove the following by using the principle of mathematical induction for all n € N:

(1)

2

1+3+3 +...+3"7 =

Answer:

Let the given statement be P(n), i.e.,
()

P(n):1+3+3%+..+3"™1= 2

For n =1, we have

(3'-1) 3-4

P():1= 2 2

=1
, which is true.
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Let P(k) be true for some positive integer k, i.e.,

(3" -1)

1435 Fu+ = siofTy

We shall now prove that P(k + 1) is true.

Consider
1434324 . 431 Lglket) -1

=(1 +3+3%+... +3k_1) + 3K
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{‘i* -1)+2.3°
) 7
_(1+2)3' 1
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Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 2:

Prove the following by using the principle of mathematical induction for all n € N:

(n(n+1) )

P
\, i /

P42 43+ 40 =

Answer:

Let the given statement be P(n), i.e.,

i

ya
i

n(n+1)

P+22 43 .40 = 5
P(n): k! - /

For n =1, we have

(10+1)) (12Y

= — | =1" =1
. 3 \ il oo .-"I 1 1
P(1):1° =1 =" / , Which is true.

Let P(k) be true for some positive integer k, i.e.,

(k(k+1)Y

LY S s

otk =

We shall now prove that P(k + 1) is true.

Consider

13428433+ . +k3+(k+1)3



..[’{{{‘l::_;.E]];+|:J!i+|].~ [L'Siug {:}]

Y = 4

K (k1)

+(k+1)

K (k+1) +4(k+1)
4
(k+1)71k* +4(k+1)]
(k+1)" k% + 4k +4]
4
(k+1) (k+2)
4
(k+1) (k+1+1)
4
(k1) (k+1+1) Y

=
=(13+28+33+ . +kH+(k+1)3 ) :

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 3:

Prove the following by using the principle of mathematical induction for all n € N:
| 1 | 2n

+ + +oh
(1+2) (1+2+3) (1+243+..n) (n+l)

Answer:
Let the given statement be P(n), i.e.,

1
1+ f it =

1
P(n): 1+2 1+243 1+2+3+.n n+l

For n =1, we have

1 2

e

2.
P(1): 1 =1+l 2 which is true.

Let P(k) be true for some positive integer k, i.e.,

| 1 1 2k
l+——+ ...+ T —
1+2 1+2+3 1+2+34+...+& Kk+1

1)

We shall now prove that P(k + 1) is true.



Consider
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Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 4:

Prove the following by using the principle of mathematical induction for all ne N: 1.2.3 +
n(n+1)(n+2)(n+3)
234 +..+nn+1)(n+2) = 4

Answer:
Let the given statement be P(n), i.e.,

n(n+1){n+2)(n+3)
P(N):1.23+234+.. +nn+1)(n+2)= 4

For n =1, we have



(1+1)(1+2)(143) 1234 _,
P(1):1.2.3=6 = 4 4 . which is true.

Let P(k) be true for some positive integer k, i.e.,

_ kA +1)(k+2)(k+3) )
1.283+23.4+ ... +k(k+1)(k+2) 4
We shall now prove that P(k + 1) is true.
Consider
1.23+234+ ... +k(k+1)(k+2)+(k+1)(k+2) (k+3)
={1.23+234+...+k(k+1)(k+2)}+(k+1) (k+2) (k+3)

_k{k+1)(k+2)(k+3)
- 4

+(k+1)(k+2)(k+3) [Using (i)]

4 ™

= (k+1)(k+2)(k+3) %+|J

(A+1)(A+2)(k+3)(k+4)
4
(K1) (E+141)(k+1+2)(k+1+3)
4

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 5:

Prove the following by using the principle of mathematical induction for all n € N:
2n-1)3""+3

4

"

13423 +3.3 4+, . +n3" =

Answer:
Let the given statement be P(n), i.e.,
1.3+2.3°+3.3 +...
P(n) : 4
For n =1, we have
_{2.1—]}3"'+3 ¥ 43 12

P(1):1.3=3 4 4 4 . which is true.

Let P(k) be true for some positive integer k, i.e.,



(2k—1)3""'+3
4

- e e
i ]

1.34+2,: 3

&
+3. 3 S =

We shall now prove that P(k + 1) is true.

Consider
1.3 +2.32+3.3% + ... + k3K+ (k + 1) 3K+1

= (1.3 +2.32+3.3% + ..+ k.35 + (k + 1) 3K+

2k—1)3*"+3 :
={ JHI- B +(k+1)3 lLJsingqi}I]

_(26-1)3"" +3+4(k+1)3"
4
32k —1+4(k+1)}+3
4
36k +3)+3

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 6:

Prove the following by using the principle of mathematical induction for all n € N:

n(n+1)(n+ 3}j|

3

].2+1.3+3,4+,..+r.'.|[n+1}-—~|:

Answer:

Let the given statement be P(n), i.e.,

+1 2
12423434+ +n(n+l)= |:”{” ;[’H— }i|

P(n):

For n =1, we have



l_2:2=I{1+l}|:l+1}_ |_2_3:2

P(1): 3 3 , which is true.

Let P(k) be true for some positive integer k, i.e.,

o i )
1.242343.44..... +¢4ﬁ+u={‘“"ﬁ" 1 ()

23

We shall now prove that P(k + 1) is true.
Consider
1.2+23+34+ ... +k(k+1)+(k+1).(k+2)

=[12+23+34+...+k(k+1)]+(k+1).(k+2)

Ck(k+1)(k+2)

-

(k+1)(k+2) [Using (i)]
=(k+1){k+2)

(k+1)(k+2)(k+3)

-
i

={k+]]{.ﬂ:+lvl}[kvl+2]
3

{ k !
241
l._3 4

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 7:

Prove the following by using the principle of mathematical induction for all n € N:
n(4n’ +6n-1)

-
. |

1.3+3.5+5.7+..+(2n-1)(2n+1) =

Answer:

Let the given statement be P(n), i.e.,

nldn’ +6n-1)
1.3+3.5+5.7+..+ (20— 1)(2n+1)=— - :
P(n): 3

For n =1, we have

W+r+ﬁJ—u_4+ﬁ_[_g

P(1):1.3=3= i
3 3 3 which is true.

-
—z)

Let P(k) be true for some positive integer k, i.e.,



k(4k® +6k -1
13435457+ .+ (2k-1){2k+1)= { - ) i)
o
We shall now prove that P(k + 1) is true.
Consider
(1.3+35+57+...+2k=1)2k+1)+{2(k+1)—-1{2(k+ 1) + 1}

k(4K +6k-1)

- +(2k+2-1)(2k+2+1) [Using (i)]
k(447 +6k—1)
:m-j—m+[2k+ 1)(2k+3)

'.._A..-‘ !
M l-}+(4f1—f+m—+3)

o |

k(4% + 6k =1)+3(46 + 8k +3)

Ak ek —k+1207 + 24k +9

-

5 |
AT IBET 23849
) 3
447+ 1457+ 9k + 4k + 14k +9
) 3
k(45 +14k +9)+1(467 +14k+9)
- 3
(h+1)(4k" +14% +9)
3

(k+1){4k° +8k+4+6k+6-1)

(k+1){4(k? +11k+|‘}+{i{k+l_]—l}
) 3
(k1) 4(k+1)" +6(k+1)-1}

3
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 8:

Prove the following by using the principle of mathematical induction for all n e N: 1.2 + 2.2% +
3224+ ... +n2"=(n-1)2"1 42



Answer:

Let the given statement be P(n), i.e.,
P(n):1.2+222+32%2+...+n2"=(n-1)2"14+2
For n =1, we have
P1):1.2=2=(1-1)2""+2=0+2 =2, which is true.
Let P(k) be true for some positive integer k, i.e.,
1242224322+ . +k2X=(k=1)2K+T+2 ... ()
We shall now prove that P(k + 1) is true.

Consider

N.2+2.2° +3.2° +..+£2 | +(k +1).2"

=(k—1)2"" +2+(k+1)2""

=2k =1)+(k +1)} +2

=22k +2
=k 2WIM o
={{k+1)-1}1 2" 42

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 9:

Prove the following by using the principle of mathematical induction for all n € N:
I ‘ ] | 1 1 1

SR T

Answer:

Let the given statement be P(n), i.e.,

1 Ay |

Pn):2 4 8 T2 2
Forn =1, we have

L, 1]
P(1): 2 2' 2 which is true.

Let P(k) be true for some positive integer k, i.e.,



}: % 1 | 1 .
—t—F—+, F—=1-— e (L)
2 4 8 £y 2

We shall now prove that P(k + 1) is true.

Consider
e R 1 ) l
| =+—+= b [+
v2 4 B E*J g
i 1 | i) _
=|k 5 ¥ [Using (i)]
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=]-—+
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e
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Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 10:

Prove the following by using the principle of mathematical induction for all n € N:
I 1 I | "

——t e
25 58 811 7 (Ba-1)(3n+2) (6n+4)

Answer:
Let the given statement be P(n), i.e.,

i i 1 "
ettt =
5 58 8117 (3n-1)(3n+2) (6n+4)

(%]

P(n):
For n = 1, we have

p(1)=_ = 1 I

25 10 6.1+4 10, which is true.

Let P(k) be true for some positive integer k, i.e.,

L S L | Lk
25 58 811 (3k-1)(3k+2) o6k+4

L)

We shall now prove that P(k + 1) is true.



Consider

i-I-——l-L+ + I + I

25 58 811 7T (Bk-1)(3k+2) {3(k+1)-1}{3(k+1)+2]
k 1

- r Lsing (1

6k+4  (3k+3-1)(3k+3+2) [Using (]

N, !

6k +4  (3k+2)(3k+5)
k |

— -

2(3k+2) (3k+2)(3k+5)

/il ] N

(3k+2)\ 2 3;1'+5J
| "k{3k+5]+2‘-|

(3k+2) 2(3k+3)

g

1 [(3KF+5k+2
(3k+2) 2(3k+5)
o [(Bk+2)(k+1))
C(3k+2) 2(3k+5) J

6k +10
) (£ +1)
6(k+1)+4

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 11:

Prove the following by using the principle of mathematical induction for all n € N:
| | n{n+3)

+ —+...+ =

34 345 n(n+1)(n+2) 4(n+1)(n+2)

ﬁ+-,.
s i

ok |
Lad |

Answer:
Let the given statement be P(n), i.e.,

i _ n(n+3)
n(n+1)(n+2) 4(n+1)(n+2)

1 | |
o ae e e B
1230 2534 345

For n =1, we have



P(1): | 1-{1+3) 14 1
1:2-3 4(1+1)(1+2) 4-2-3 1-2:3

, Which is true.
Let P(k) be true for some positive integer k, i.e.,
| | 1 | k(k+3)

+ + = -
123 2.3 345 k(k+1)(k+2) 4(k+1)(k+2) )

We shall now prove that P(k + 1) is true.

Consider
L | | ' |

1-2-3 2~3-4+3-4~5+“'“+A—u-+|;(,¢+z) +{k+1]{k+2]{f;+3}
C k(k+3) I s
Tk (k+2) (k4D (k+2)(k+3) [Using 0]
- I [k(k+3) 1 |
_{e"f+l}{,{-+2}] 4 +£+*f

I Iﬂ.h |

{£+!}k+2}| 4[“1 [
B | |A(JL +6k+9)+4]
_{a-+|}(5+2}[ 4k +3)

1| [k 6k +9k+4]
C(k+)(k+2) | a(k+3)

i [ K42k +h+ 4k + 8k + 4]
T (k+1)(k+2) 4(k+3) [

)|
| [h(k?+2h +1)+4(47 +u+1)[
T k) (k+2) [ 4(k+3) J'

] k(k+1) +4(k+1) |
(k1) (k+2) 4k +3)

(k+1) (k+4)

T a(k+ ) (k+2)(k+3)
(k+1)}(k+1)+3]

" af(k+1)+ 1 f(k+1)+2}

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.
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Question 12:

Prove the following by using the principle of mathematical induction for all n € N:

u{r" ~1)
. | g
a+ar+ar +..+ar = !
F—

Answer:

Let the given statement be P(n), i.e.,

P(n):a+tar+ar +.+ar'" =—

For n =1, we have

ff{!" = I}

P“}l:ﬂ=w=

o
, Which is true.

Let P(k) be true for some positive integer k, i.e.,

) | “{'I-N_IJ ;
A+ ar+ar +..... +ar” = I e (L)
'I"_

We shall now prove that P(k + 1) is true.

Consider
~:.:.l FaF +ar + e +art 'E Fagrt T
alr* -1 )
=(—l}+ ar' |_Using{i}-|
-
u[f"' —]}+.:;.r" (r—1)

F—1

a[r“ - ]}+ ar'™ —ar®

r—1

ar' —a+ar*! —ar'

=1

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.



Question 13:

Prove the following by using the principle of mathematical induction for all n € N:

(.3 AT | {2n+l]“|_ )
|1+ IJ\H?(! ‘}J.{H . J..(u+|}

Answer:

Let the given statement be P(n), i.e.,

|’(H]Z[]+%J I+§][I+EJ.,.[E+‘T!’;—TI]] (n+1)

For n =1, we have

i 2 " z
P[I_]:|k1'—ﬂ:4—-{l+|]' =27 =4, which is true.

Let P(k) be true for some positive integer k, i.e.,

[pﬂ[u%][a{]...[H@]:uﬂf ()

We shall now prove that P(k + 1) is true.

Consider
EEEIESE=
T{_&+|]'k ﬁ{{i:}}tw [Using(1)]
iR {AH}[“E;H} |]

=(k+1)" +2(k+1)+1
=1(k+1)4 I}J
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 14:
Prove the following by using the principle of mathematical induction for all n e N:

(oSt

.



Answer:

Let the given statement be P(n), i.e.,

D O )
””}'L'W]l“ﬂt“i'"'[ 1+ ] (n+1)
For n =1, we have

]

P{IJ:[I+T]=2={1+U

, Which is true.
Let P(k) be true for some positive integer k, i.e.,
I

P“'}{HH[“E](]%\I'”[”l—-x = (k+1) (1)

Fl 1

Consider

We shall now prove that P(k + 1) is true.

f '.‘!.-' 1 i1
LA L) 2 3/ k. k41

wenfi ) [using ()]

-6y

=(k+1)+1

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 15:

Prove the following by using the principle of mathematical induction for all n € N:
n(2n—1)(2n+1)

5

I* 437+ 5 +...+(2n- 1) =

Answer:

Let the given statement be P(n), i.e.,

» n(2n—1)(2n+1)
B 3

P(n)=17+3"+5+..+(2n-1)

Formn=1, we have

H2.1-1){2.1+1
E { _}_{ +1) = ]'1'3 = |, which is true.
| 3

P(1)=1" =1



Let P(k) be true for some positive integer k, i.e.,

k(2k—1)(2k +1)

J

P(K)=1+3+5 +..+(2k-1) = - (1)

We shall now prove that P(k + 1) is true.

Consider
P43 45 4 (2 —|]“'} +12(k+1)-1)

_k(2k-1)(2k+1)

a L4 (2k+2-1) [ Using (1)]

3

=k[2k—|]|“2k+!}l___{ﬂ Ay

_ k(2k=1)(24 +1)+3(24 +_t_}"_

3

_(2k+1){K(2k-1)+3(24 +1))

=

_ 1_[_3,# + E} {_2&? —k+6k+ J}
3
2%k +1){2k* + 5k +3
( )
- 3
(2k +1) {247 +2k + 3k +3|
' 3
(2k+1){2k (k+1)+3(k+1)]

(2k +1)(k +1)(2k +3)
3
(R 2(k 1) -1} {2(k+1) +1]

|

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 16:

Prove the following by using the principle of mathematical induction for all n € N:
1 I I "

Y ST

) + +...+ ! —
14 47 710 7 (3n-2)(3n+1) (3n+1)

Answer:

Let the given statement be P(n), i.e.,



P(n): ) S (I O _ I N
4 &7 T (3n-2)(3n+1) (3n+1)

For n=1. we have

PM_L 3.|1—1 l_

| s
=—, which is true.
[ .4

1.4
Let P(k) be true for some positive integer k, i.e.,
P[ﬁ}—i——|-+|—+,_,+ ] . K (1)
14 47 7.10 (3k=2)(3k+1) 3k+1

We shall now prove that P(k + 1) is true.

Consider

| i [ |
_.+_+ + IS S i W—

| !

1147477 7007 Gr-2)(3k+1) | [3(k+1)-2}[3(k+1)+1]
I‘.‘
}JI;.+E

T ”H s 4) [Using {]}J

NE
i
(HTI (3k +4)

£{15+4}+I}

{'ﬂ )| (3k+4)

) 3+ 4k +1]
'{3J.:+|;.[ (3k +4) _|'
| __|-Eﬁ'l+3ﬂ'+k+l‘[_
C(Gk+1)| (3k+4) |
C(BkD)(k+1)

3k +1)(3k+4)

_ (k+1)

T3k +1)+1

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 17:

Prove the following by using the principle of mathematical induction for all n € N:
1 1 | 1 n
_f: -

35 57 7.9 7 (2n+1)(2n+3) 3(2n+3)

Answer:



Let the given statement be P(n), i.e.,

| N

ok g By A

Pln): — =
(”} 35 57 19 En+l}{2r}+3] 3{3ﬂ1+3)

For n =1, we have

1 1 I
P0):35732103) 35
- o =, which is true.

Let P(k) be true for some positive integer k, i.e.,

| ! k
P): 35757770 T ke )2k e3) 302k +3) Al

We shall now prove that P(k + 1) is true.
Consider

I + l + ] + ot . ] -
35757 79 T2k (2k+3) | 2(k+1)+1H{2(k+1)+3)

T3(2k+3)  (2k+3)(2k+5) [ Using (1) ]

1 [k, 1
T(2k+3)[ 3 (2+5)
k

1
(2k+3)| 3(2k+5)

1 [24%+5k43
(2k+3)| 3(2k+5)
I [ 2k + 2k + 3k +3
C(2k+3)|  3(2k+5)
[ 2k (k1) 3(k+
(2k+3)| [u 5)
 (k+1)(2k+3)
©3(2k+3)(2k +5)
(k+1)
“302(k+1)+3)

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural

numbers i.e., n.

Question 18:



Prove the following by using the principle of mathematical induction for all n € N:

1 2
14243+ +n<—(2n+1)

[

Answer:

Let the given statement be P(n), i.e.,

F ] .
Plr):1+2+3+...4 n{-ﬁ{;ﬂ”.-. 1)

ar b
1-:1{2_| | |]‘:i’
It can be noted that P(n) is true for n = 1 since 8

Let P(k) be true for some positive integer k, i.e.,
11-31___..:;“;{3;.”-1}*’ - (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

(14244 k)+(k+1)< ;(2;{ F1) +(k+1) [ Using(1)]
{é-{{2k+1]'+3{ﬁ+1}{

<) (4K + Ak 4148k + 8}

< {4k3+'|1."f+‘}}

«:é{l{k—l]ﬂ}‘

{I+1+3:—.__+k]+[£-+l]c]—{2k+l}:+{k+l}
Hence, 8
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 19:

Prove the following by using the principle of mathematical induction forall ne N: n (n + 1) (n+
5) is a multiple of 3.

Answer:



Let the given statement be P(n), i.e.,

P(n):n (n + 1) (n + 5), which is a multiple of 3.

It can be noted that P(n) is true forn =1 since 1 (1 + 1) (1 + 5) = 12, which is a multiple of 3.
Let P(k) be true for some positive integer k, i.e.,

k (k + 1) (k + 5) is a multiple of 3.

~kK(k+1)(k+5)=3m, wheremeN ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider

(A +Df(k+D)+ 1}k +1)+5]

=(k+1)(k+2)§(k+5)+1}

=(k+1J(A+2)(k+35)+(k+1)(k+2)

= (k1) (K +5)+2(k+T)(k+5)f+(k+1)(k+2)

=3m+(k+1){2(k+5)+(k+2)}

=3m+(k+1) {2k +10+k +2]

=3m+(k+1)(3k+12)

=3m+3(k+1)(k+4)

- B*lmﬂ[a’f +1)( & +~I'}} =3xy. where g = Em+{e‘a +1)( & +-lj} is some natural number
Therefore, (k+1){(k+1)+1}{(k+1)+5} is a multiple of 3.

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 20:

Prove the following by using the principle of mathematical induction for all n e N: 102" =1 + 1
is divisible by 11.

Answer:
Let the given statement be P(n), i.e.,
P(n): 102"~ 1 4+ 1 is divisible by 11.

It can be observed that P(n) is true for n = 1 since P(1) = 102" = ' + 1 = 11, which is divisible
by 11.

Let P(k) be true for some positive integer k, i.e.,



102k~ 14 1 is divisible by 11.

2102141 =11m, whereme N ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.
Consider

107 4]

=[0"" 4|

=10 +1

=107 (107" +1-1)+1

=107 (1077 +1) =107 +1

= 10°. 1 lm—100+1 [ Using (1) ]
=100x1lm—99

= 11(100m—9)

=11r. where r =(100m-9) is some natural number

Therefore, 10" 1 is divisible by 11.
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 21:

Prove the following by using the principle of mathematical induction for all n € N: X2 —y2"is

divisible by x +v.
Answer:

Let the given statement be P(n), i.e.,
P(n): x>" — y" is divisible by x + .
It can be observed that P(n) is true for n = 1.

2x1_y2x1 22 _y2 = (x +y) (x —y) is divisible by (x + y).

This is so because x
Let P(k) be true for some positive integer k, i.e.,

2k

x2K — y2K is divisible by x + .

xK—y?K=m (x +y), wherem e N ... (1)
We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider



- {.I_':. - -_I,I.l. " _|."'J' } _ -1__'.'. _-1,_'

= x° Il.r:f{.'n.'+_r:|:—_1':'i ;-—_l'y -_§=: I:l.JF.-iil'lg {|}:|

= m[.r+_1'}.r: +_'|""’t oyt —_L'” -_1':

— (l- 'y Ill:'l.: 'I' J.:.'. [-.IL.: J,,:}

=m(x+y)x>+ 3" (x+y)(x-p)

=(x+y) 1 mx® + v (x - 1]: . which is a factor of (x+ ).
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 22:

Prove the following by using the principle of mathematical induction for all n e N: 32" +2 —
8n— 9 is divisible by 8.

Answer:
Let the given statement be P(n), i.e.,
P(n): 32" *2 _ 8n — 9 is divisible by 8.

It can be observed that P(n) is true for n = 1 since 32*1+2_8 x 1 — 9 = 64, which is
divisible by 8.

Let P(k) be true for some positive integer k, i.e.,

32k +2 _ 8k — 9 is divisible by 8.
.32k+2_gKk_9=8m;wheremeN ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider



FI2 _g(k+1)-9

=3%7.3 —8k-8-9

=37 (3" -8k —9+8k+9)-8k —17

=37 (377 —8k—9)+37 (8k +9) -8k 17
=0.8m+9(8k+9)—8k—17
=08m+72k+81-8k-17

=98m+ 64k + 64

=8(9m +8k +8)

= 8r, where r = (%9 + 8% +8) is a natural number
Therefore, 3™ —8(k +1)-9 is divisible by 8.
Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 23:

Prove the following by using the principle of mathematical induction for all n € N: 41" — 14" is
a multiple of 27.

Answer:

Let the given statement be P(n), i.e.,

P(n):41" — 14"is a multiple of 27.

It can be observed that P(n) is true for n = 1 since 4! =14' =27 which is a multiple of 27.
Let P(k) be true for some positive integer k, i.e.,

41K — 14Kis a multiple of 27

~41% - 14K = 27m, whereme N ... (1)
We shall now prove that P(k + 1) is true whenever P(k) is true.

Consider



414 — 14

— 41" :41-14" .14

=41{41" 14" +14" )—14" 14

=41({41' = 14" ) +41.14" - 14" . 14

=41.27m+14" (41-14)

=41.27m+27.14'

=27(41m—14")

=27x%r, where r = {4 Im—14" ) is a natural number
I'herefore, 41" =14 is a multiple of 27.

Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.

Question 24:

Prove the following by using the principle of mathematical induction for all 7 = N:
(2n +7) < (n + 3)2

Answer:

Let the given statement be P(n), i.e.,

P(n): (2n +7) < (n + 3)2

It can be observed that P(n) is true for n = 1 since 2.1 + 7 = 9 < (1 + 3)2 = 16, which is true.
Let P(k) be true for some positive integer k, i.e.,

(2k +7) < (k + 3)% ... (1)

We shall now prove that P(k + 1) is true whenever P(k) is true.
Consider

12(k+1)+7} =(2k+7)+2

s f2(k+1)+7) = (2k+7)+2<(k+3) +2 Tusing (1)]
2k +1)+7 <k’ +6k+9+2

2k+1)+7 <k +6k+11

Now, k' +6k+11<k”+8k+16

L2k +D)+7 <(k+4)

2(k+1)+7<{(k+1)+3)



Thus, P(k + 1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction, statement P(n) is true for all natural
numbers i.e., n.



